A new mathematical framework is formulated to derive the effective equations of motion for the constrained quantum system which possesses an internal clock. In the realm close to classical behavior, the quantum evolution is approximated by a finite system of coupled but ordinary differential equations adhered to the weakly imposed Hamiltonian constraint. For the simplified version of loop quantum cosmology in the Bianchi I model with a free massless scalar filed, the resulting effective equations of motion affirm the bouncing scenario predicted by the previous studies: The big bang singularity is resolved and replaced by the big bounces, which take place up to three times, once in each diagonal direction, whenever the directional density approaches the critical value in the regime of Planckian density. It is also revealed that back-reaction arises from the quantum corrections and modifies the precise value of the directional density at the bouncing epoch. Additionally, as an example of symmetry reduction, we study isotropy emerging from the anisotropic Bianchi I model in the context of effective equations of motion.
I. INTRODUCTION
The comprehensive formulation for loop quantum cosmology (LQC) in the k = 0 Friedmann-Robertson-Walker (FRW) model (i.e. spatially flat and isotropic) with a free massless scalar field has been rigourously investigated [1, 2] , revealing that the big bang singularity is resolved and replaced by the big bounce. Later in [3] , based on the same principles but implemented with a more sophisticated quantization scheme, a new Hamiltonian constraint was constructed and the big bounce is shown to take place precisely when the matter density enters the Planck regime. These attractive results affirm the assertion that the quantum geometry of loop quantum gravity (LQG) holds a key to avert the breakdown of the classical general relativity and since then have inspired a lot of research on the simplified (but exactly solvable) model [4, 5] and other extensions such as the k = ±1 FRW models [6, 7] . To further extend the domain of validity, the framework of [1, 2, 3] was also formulated for the Bianchi I model to include anisotropy [8] .
In the Bianchi I model, the similar prediction for the occurrence of big bounces has been anticipated in the analytic investigation of [8] and later verified in the numerical computation of [9] (for a slightly simplified version of [8] ). Meanwhile, much effort has been made to study the Bianchi I LQC at the level of effective dynamics [10, 11, 12] . Not only do the results of the effective dynamics agree with those in [8] and [9] but more intuitive pictures are obtained in the semiclassical approach. Thus, the study of effective dynamics can give us valuable insights into how and why the big bounces take place, even if the definite conclusion for the occurrence of big bounces has been drawn directly from the quantum theory.
However, the validity of the effective dynamics adopted in [10, 11, 12] is only heuristic and remains to be justified. A systematic methodology to investigate the effective equations of motion for semiclassical states and the back-reaction resulting from quantum effects is on demand.
A mathematical framework has been developed in [13] to study the evolution of quantum systems in the realm close to classical behavior. In this framework, the behavior of a wavefunction subject to a partial differential equation (Schrödinger equation) is approximated by finitely many variables subject to a system of coupled but ordinary differential equations, giving a technically easier and more intuitive formulation to extract physical information of the semiclassical behavior amended by the back-reaction. This formalism has been used to address a variety of issues for quantum gravity and quantum cosmology [14, 15] . In particular, the bouncing scenario of LQC in the k = 0 FRW model coupled to a free massless scalar has been analyzed from this perspective [16] . (An alternative approach for the effective equations of LQC in the k = 0 FRW model was also studied in [17] .)
In [16] , to apply the formulation of [13] to LQC in the k = 0 FRW model, the constrained quantum system is viewed as an ordinary (unconstrained) quantum system by treating the scalar field φ as the time variable in the very beginning (referred to as "Approach I" in this paper). Because of some technical difficulties, Approach I is inept for the Bianchi I model. In this paper, we propose a second approach (referred to as "Approach II") as a new framework to work with the effective equations of motion for the constrained quantum system that possesses an internal clock. In Approach II, the constrained quantum system is first treated as if there was no constraint and the formulation of [13] for unconstrained systems is adopted to obtain the effective equations of motion with respect to the coordinate time without directly treating φ as the time variable. On top of the finite system of effective equations of motion, the Hamiltonian constraint is then weakly imposed up to a certain order to further relate the finite set of variables. The technical and conceptual difficulties of the standard procedure to quantize a Hamiltonian constrained system are avoided in Approach II, the formulation of which can be intuitively understood as the natural extension of the classical Hamilton's equations subject to the classical Hamiltonian constraint. Additionally, this new approach has an extra merit that measurement of the internal time φ is on the equal footing as that of other observables (namely, the notions of uncertainty and so on for φ are retained), which is an attractive feature for the relativistic quantum mechanics that is still missing in the standard quantum theory for constrained systems. With the technical and conceptual virtues, Approach II per se could be used as a sound quantum theory for the constrained system if an internal time can be identified.
With the new formulation at hand, we investigate the effective equations of motion for the Wheeler-DeWitt (WDW) theory in the Bianchi I model with a free massless scalar. The results of Approach II agree with those obtained in the fully developed quantum theory in [8] for the case without off-diagonal squeezing, thus evidencing the viability of the new formalism. Meanwhile, it is also revealed that back-reaction arises from the off-diagonal squeezing.
The next step is to apply Approach II to a simplified version of LQC in the Bianchi model. The resulting effective equations of motion affirm the bouncing scenario anticipated in [8] and predicted in [10, 12] : The big bang is resolved and replaced by the big bounces, which take place up to three times, once in each diagonal direction, whenever the directional density ̺ I approaches the critical value ̺ I,crit in the regime of Planckian density, but the precise value of ̺ I,crit is modified by the quantum corrections. Moreover, the off-diagonal squeezing gives rise to further back-reaction, which couples the evolution in three diagonal directions.
Additionally, Approach II offers a language to describe the symmetry reduction in terms of effective equations of motion. In particular, it is notable that the anisotropic Bianchi I model admits the effective solution which exhibits isotropy, but such an effective solution is slightly different from that directly obtained in the isotropic model. This observation may help us understand more about the issue of symmetry reduction.
This paper is organized as follows. In Sec. II, we first briefly review the mathematical framework developed in [13] and then introduce Approach I and formulate Approach II. In Sec. III and Sec. IV, respectively, Approach II is adopted to investigate the WDW theory and simplified LQC in the Bianchi I model. 1 The issue of symmetry reduction is studied in Sec. V. Finally, the results are summarized and discussed in Sec. VI.
II. EFFECTIVE THEORY OF QUANTUM SYSTEMS
In this section, we first briefly review the effective theory developed in [13] and then present two modified strategies -Approach I and Approach II -to study the constrained quantum system with an internal clock. Approach II is devised as a new formulation and its viability and virtues are discussed.
A. Effective equations for ordinary quantum systems
The effective theory of [13] is used to approximate the evolution of a wave-function subject to a partial differential equation (Schrödinger equation) by a finite system of coupled but ordinary differential equations for finitely many variables.
For a given ordinary (unconstrained) quantum system 2 specified by a Hilbert space H and a HamiltonianĤ, the evolution is given as a flow on H by the Schrödinger equation:
Equipped with the inner product ·|· in H, any operatorF on H defines a function F := F mapping |Ψ ∈ H to the complex number Ψ|F |Ψ . For two functions F = F and K = K , the inner product of H defines the Poisson bracket of F and K:
2)
1 The reader may find Reference [10] useful to serve as a quick review for the background knowledge needed. 2 In this paper, we only consider quantum mechanical systems, not quantum field theories. which again maps |Ψ ∈ H to a complex number. For example, q := q and p := p lead to {q, p} = 1 from [q,p] = i . Let (q i ,p i ) be the set of fundamental operators on H, we define the classical variables as
and the quantum variables of the n-th order as
associated with the fundamental operators {x i } 1≤i≤2N := {q k ,p k } 1≤k≤N , where the subscript Weyl denotes symmetric ordering of the operators as the parenthesized indices represent the symmetrization: A (i 1 ...in) = 1/n! P A i P (1) ...i P (n) for all permutations P . These classical and quantum variables are bounded by Schwarz inequalities. A special case is the well-known uncertainly relation: (q − q)
. In terms of classical and quantum variables, the Schrödinger equation (2.1) govern by the HamiltonianĤ, which is usually taken to be the Weyl ordered operator H(x i ) Weyl with H(x i ) being the classical counterpart, the quantum evolution can be equivalently described as the Hamiltonian flow:ẋ 6) generated by the quantum Hamiltonian defined as
The reformulation gives the equations of motion in a classical form (i.e., a system of ordinary differential equations, albeit for infinitely many variables) and makes it possible to analyze the classical limit in a direct manner with quantum effects taken into account. While the classical variables represent the expectation values of the wave-function, the quantum variables carry the additional information (e.g., spreading, squeezing, etc.) of the wavefunction around the peak. If the wave-function is highly coherent and thus sharply peaked around the semiclassical trajectory, as a good approximation, we can truncate the infinite set of coupled equations of motion to a finite set of differential equations by ignoring the higher order quantum variables. This offers a systematic method to study the effective equations of motion order by order. (For linear systems, such as the harmonic oscillator, the infinite set of coupled equations decouples into many sectors, each of which contains only finitely many variables.)
B. Effective equations for constrained quantum systems: Approach I Many quantum theories of our interest (such as general relativity and cosmology) are formulated as constrained quantum systems, for which, however, the effective theory developed in [13] and outlined in Sec. II cannot be directly applied. For a constrained system, the dynamical evolution is completely given by the Hamiltonian constraint equation:
which dictates the correlations between physical variables, rather than the physical variables evolving with respect to a preferred time variable. Because the dynamics does not depend on the coordinate time explicitly, the effective theory for constrained quantum systems requires more considerations than that for ordinary quantum systems and its rigorous formulation is under development [18] . Nevertheless, for the constrained system that possesses an internal clock, there are ways to circumvent the difficulty arising from the absence of the explicit time variable, allowing us to analyze the dynamics in the same manner of an ordinary quantum system. To elaborate, let us consider a spatially homogeneous cosmological model with a scalar field φ. By choosing the lapse function N associated with the time coordinate t ′ (i.e. dτ = Ndt ′ with τ being the proper time), the Hamiltonian constraint can be rescaled by N to be of the form: 9) where p φ is the conjugate momentum of φ, satisfying {φ, p φ } = 1, andĤ 0 is the rest part including the potential of φ (if any). The Hamiltonian constraint equation (2.8) then yieldŝ 10) where the sign ± is for positive/negative frequency solutions (i.e. expanding/contracting solutions with respect to φ), respectively. If the positive and negative frequency sectors do not interfere with each other (as in the case that φ is free of potential), we can restrict ourselves to one of them. Consequently, compared with the ordinary quantum system govern by (2.1), the variable φ now plays the role of the time variable t while ( 2Θ ) 1/2 serves as the ordinary Hamiltonian.
3 That is, the quantum evolution of a constrained system has been reformulated as an ordinary quantum system, with the scalar field treated as the ordinary time variable. This is the approach adopted in [16] to study the effective equations of motion for the quantum cosmology in the k = 0 FRW model.
C. Effective equations for constrained quantum systems: Approach II
For the quantum cosmology in the k = 0 FRW model, the square root ofΘ remains polynomial of the fundamental operators and Approach I can be easily applied. Moreover, the HamiltonianΘ gives a linear system and as a consequence the equations of motions are exactly solvable [16] .
However, for more complicated cases, such as the quantum cosmology in the Bianchi I model, which will be the main focus of the rest of this paper,Θ 1/2 is no longer polynomial of the fundamental operators and because of the non-polynomiality the approximation scheme 3 In general,Θ may not be positive definite, but in the fully developed quantum theory, it turns out that the subspace of the negative eigenvalues ofΘ is nonphysical and thus the square root ofΘ is well-defined in the physical subspace on the positive spectrum ofΘ. This can be easily understood if we rewrite (2.8) asp 2 φ |Ψ = 2Θ |Ψ , which excludes the negative spectrum ofΘ sincep 2 φ on the left-hand side is positive definite. More details can be found in [8] for the Bicnchi I cosmology studied.
of Approach I is no longer under good control (as can be seen in Appendix A). To work around the technical difficulties, we innovate a second approach -Approach II.
The idea of Approach II is to treat the constrained quantum system as if there was no constraint in the first place. The formulation outlined in Sec. II A for ordinary quantum systems is then used to obtained the equations of motions with respect to the coordinate time t ′ ; that is, we define H Q via (2.7) associated withĤ given by (2.9) and have 12) as the equations of motion for the classical and quantum variables up to the n-th order of our interest. On top of these finite differential equations, we then weakly impose the Hamiltonian constraint as additional relations, by which the equations of motion abide, by demanding Ψ|( 13) up to the n-th order. If we only consider quantum variables up to the n-th order and neglect the higher order variables in (2.12), correspondingly, we should impose the constraint (2.13) up to the same order. The n constraints of (2.13) will correlate the classical and quantum variables of the order ≤ n while higher order variables are consistently ignored. In the end, we eliminate t ′ in favor of φ through the relation dφ/dt ′ given in (2.11). The resulting dynamics is in a form independent of the time coordinate t ′ and predicts only the correlation between physical variables and φ, which now serves as the internal time.
Approach II, however, is not entirely equivalent to Approach I. For the WDW theory in the Bianchi I model, Approach II is studied in Sec. III and, for comparison, Approach I is included in Appendix A. The comparison shows that the two approaches yield the same result at the 1st order but already disagree at the 2nd order. When compared with the results of the fully developed quantum theory, it turns out that Approach II give sensible results while the order-by-order approximation scheme of Approach I is messed up due to the non-polynomiality.
Therefore, even though Approach II is only heuristically motivated, it gives a very good effective description of the quantum dynamics. If we take the viability of Approach II very seriously, we can even postulate Approach II as an alternative formulation for the fundamental theory of the constrained quantum system that possesses an internal clock. In order to be a viable formulation, in addition to giving the prediction very close to that of the standard treatment, Approach II has to be checked for self-consistency at least by two tests. First, for a given initial state which satisfies (2.13), after being evolved via (2.11) and (2.12), the evolved state should satisfy (2.13) again (up to the n-th order). Second, if we choose a different lapse function associated with a different time coordinate t ′′ ,Ĥ in (2.9) is rescaled accordingly and so is H Q . The equations of motion given by (2.11) and (2.12) are then with the rescaled H Q and with respect to t ′′ but they should yield the same result (up to the order of our interest) when related to the internal time, regardless of different choice of the lapse function and coordinate time. If this is case, the coordinate time is really nothing but an auxiliary variable. Both tests are justified in Appendix B but the justification is not completely stringent for generic cases.
In the rest of this paper, we focus on the quantum theory of cosmology in the Bianchi I model, which sets a benchmark to test the reliability of Approach II. As we will see, both for the WDW theory and simplified LQC, at least up to the 2nd order, the modified constraint (2.13) simply correlates the constants of motion, and therefore the first test is trivially affirmed. Moreover, the studies of Approach II for the WDW theory and simplified LQC in the Bianchi I model give very sensible results compared to those obtained in the fully developed quantum theory. This is very instructive and suggests that Approach II, albeit not rigorously developed, could represent a sound quantum theory of its own even at the fundamental level.
In the standard procedure to quantize the constrained system, as the constraint is imposed via (2.8), the physical states that satisfy the constraint are distributional if zero is part of the continuous spectrum of the constraint operatorĤ; in this case the physical states are not in the kinematic Hilbert space H kin but instead in the dual space of H kin . Because of the distributional feature, the physical Hilbert space H phys is rather difficult to construct and a variety of techniques have to be applied such as group averaging and refined algebraic quantization [19, 20] or the procedures performed in [2, 3] to define the physical inner product of H phys by identifying a complete set of Dirac operators. On the other hand, when the scheme of Approach II is performed, we approximate the quantum system by finitely many variables relevant to the accuracy of our measurement. Since we truncate the infinite degrees of freedom to finitely many variables and, accordingly, the Hamiltonian constraint is weakly imposed only to relate these finite degrees, the issue of the distributional property is completely gone and the kinematic Hilbert space remains the arena for the dynamics. The technical difficulties and conceptual obscurity of the standard treatment for constrained quantum systems are thus avoided in Approach II, whereby the evolution equations (2.11) and (2.12) subject to (2.13) can be intuitively understood as the direct extension of the classical Hamilton's equations and the classical Hamiltonian constraint.
Additionally, Approach II has one extra merit as measurement of the internal time is regarded. Both in Approach I and in the standard treatment for the constrained quantum system, dynamical evolution is described as the correlation between physical variables and the internal time φ, but, because of the aforementioned distributional property, φ plays a special role very different from other observables: In the resulting formalism, φ is treated as a pure parameter (c-number) as opposed to the other physical observables, which are treated as operators (q-numbers). In other words, the operatorφ is not defined in the physical Hilbert space (p φ is well-defined though) and therefore there are no notions of measurement, uncertainty and so on for φ unless inferred indirectly. In this regard, the philosophy of "timeless" formulation for relativistic quantum mechanics as advocated in [21, 22] is not fully realized in the standard treatment for constrained quantum systems. In Approach II, on the other hand, φ is put on the same footing as all other variables. Not only we can define the expectation value φ , uncertainty ∆ 2 (φ) := G φφ and so on for φ, but the equations of motion (2.11) and (2.12) also tell us how they evolve with time. 4 The variable φ is no distinct from other observables except that it is also used as an internal time to label the evolution.
5 From the timeless perspective, Approaches II seems to give a more satisfactory framework such that all physical observables, including the internal time, correspond to measurements and every measurement yields uncertainty (see also [23] ). 4 More comments about the evolution of the variables involving φ can be found in the end of Sec. III C. 5 The reason why φ, not other observables, serves as the internal time is because we take the square root in (2.13) with respect top 2 φ . It is explained in Appendix B that the free massless scalar is special for being the internal time as the first test is concerned.
Compared with (2.8) for the standard treatment and (2.10) for Approach I, the notable difference of Approach II is that the Hamiltonian constraint is only weakly imposed as (2.13) consistently ignores quantum fluctuations of higher orders. It seems to be the ignorance that retains the notions of measurement and uncertainty for φ. This makes us suspect that the quantum Hamiltonian constraint (2.8) may turn out too restrictive and nonphysical, as it relates quantum fluctuations to every level of depth, which could be irrelevant after all as far as the physical measurements with intrinsic uncertainties are concerned.
Although some implications of Approach II remain speculative, the study of it can still teaches us valuable lessons for solving constrained quantum systems. In the following, we will apply Approach II to study the WDW theory and simplified LQC in the Bianchi I model as two sound examples and see explicitly how the ideas of Approach II materialize.
III. EFFECTIVE EQUATIONS OF MOTION FOR THE WDW THEORY
With the formulation of Approach II at hand, we are ready to study the effective equations of motion for the WDW theory in the Bianchi I model. The results, except those regarding measurement of φ, will be shown to agree very well with those obtained from the fully developed quantum theory and thus the viability of Approach II is affirmed. On the other hand, Approach I is presented in Appendix A for the WDW theory and shown to be incompetent for the Bianchi I model.
A. WDW theory in the Bianchi I model
The phase space of the Bianchi I model is given by the diagonal triad variables p I and connection variables c I for I = 1, 2, 3. The diagonal variables satisfy the canonical relation:
In the presence of a free massless scalar field φ( x, t) = φ(t), (which is independent of the spatial coordinates with homogeneity assumed), the classical dynamics is govern by the Hamiltonian constraint:
where p φ is the conjugate momentum of φ and has the canonical relation:
We can rescale the Hamiltonian by choosing the lapse function N = √ p 1 p 2 p 3 associated with the new time variable
The new (rescaled) Hamiltonian constraint reads as
In the Wheeler-DeWitt (WDW) theory, the standard Schrödinger quantization is adopted. The kinematic Hilbert space is and correspondingly define the Hamiltonian operator aŝ 6) by fixing the ordering such thatĤ is hermitian. 
B. Classical and quantum variables
In order to apply Approach II to derive the effective equations of motion, we define classical variables as
which, by (2.2), satisfy the Poisson brackets:
The associated quantum variables of the 2nd order are also defined:
We have {φ, G φ,(n=2) } = {p φ , G φ,(n=2) } = 0, but on the other hand, as opposed to the case for canonical variables (p I ,ĉ J ), the commutator [p I ,K J ] is not a constant and consequently 12) and
We also have
and
where the 3rd order quantum variables (G (n=3) ) are defined in the obvious manner (e.g., G
The Schwartz inequality leads to the relations:
C. Effective equations of motion
Corresponding to (3.6), the quantum Hamiltonian defined in (2.7) reads as
According to (2.11) and the Poisson brackets listed in Sec. III B, the equations of motion for the classical variables are given by
where we define the dimensionless constants K I and K φ for convenience. We also have the equations for dp 2 /dt ′ and dp 3 /dt ′ in the cyclic rearrangement of (3.22). 8 Similarly, (2.12) gives the equations of motion for the quantum variables:
Note that (3.23) and (3.24) imply that φ is a monotonic function of t ′ and thus can be used as an internal time. If the wave-function is sharply peaked, O(G (n=3) ) terms are negligible, and, in terms of the internal time φ, the general solutions to the above equations of motion are given by
where p I, 0 , g IJ , g IJ , g φφ , etc. are all constants, which satisfy the inequalities (3.36) shows that the expectation value of eachp I closely follows the classical trajectory but will receive back-reaction if the off-diagonal squeezing is nonzero (i.e. g 9 Furthermore, in the case without off-diagonal squeezing (i.e., g 
The fully developed quantum theory of the Bianchi I WDW cosmology has been studied in Section VI and Appendix A of [8] . The semiclassical state constructed in (A.1) of [8] is with constant spreads in K I (i.e. G II = (8πγ ) 2 σ 2 I ), zero off-diagonal correlations (i.e. G IJ = 0 for I = J) and zero squeezing (i.e. G J I = 0). The evolution of this state is given by Equations (6.19), (6.21) and (6.22) in [8] , which indicate that the peak of the wave-function follows the classical trajectory with constant relative spreads. That said, the behaviors of (3.32)-(3.36) conform to the fully developed quantum theory at least for the case studied in [8] . The results here also instructs us to construct a new type of coherent states with nonzero squeezing and off-diagonal correlations by generalizing (A.1) in [8] to see if the evolution in the fully developed quantum theory receives the back-reaction as suggested in (3.36). We expect the answer to be affirmative. By contrast, as shown in Appendix A, the scheme of Approach I does not give the same results as those in [8] and is thus inept for the Bianchi I model.
Meanwhile, as mentioned in Sec. II C, the notions for the measurements involving φ are well-posed in Approach II and furthermore how they evolve can be answered. According to (3.37)-(3.39), the spread of p φ remains constant, but the squeezing and the spread of φ grow with φ. This is a well-known fact as for the quantum mechanics of a free particle, which has a strictly growing spread. For unbounded systems, we cannot expect to have a valid semiclassical approximation for all times, but the semiclassical treatment is still reasonable for limited amounts of time (see Example 3 in [13] for more details). This implies that treating φ as a classical clock is only valid for a limited period of time. This problem can be mended by adding a mass term to φ, which then behaves as a harmonic oscillator instead of a free particle. In the presence of the mass term, as for a harmonic oscillator, the 9 In this paper, squeezing refers to the correlation between p I and K J (i.e. G wave-function always admits bounded spread and thus the semiclassicality can be sustained forever. Even though φ is no longer a monotonic function of t ′ , it can still be used locally as a classical clock for all times. It seems to suggests that only the field with oscillatory behavior of harmonic type can be viewed as a classical clock. This observation might shed light on the problem of time (see [24] for an overview) by offering insight into why in reality the passage of time is always measured in terms of oscillatory signals.
D. Hamiltonian constraint
In addition to solving the effective equations of motion, we still have to impose the Hamiltonian constraint (2.13), which will give further relations to relate the constants of motion used to parameterize the semiclassical solutions. Since we have solved the equations of motion up to the order of G (n=2) and G φ,(n=2) , accordingly, we only consider k = 1, 2 in (2.13). (The Hamiltonian constraint for k ≥ 3 will further constrain the higher order terms G (φ,n≥3) with G (n≥3) and other parameter constants.) For k = 2, (2.13) yields
and consequently
which can be rewritten as
closely in agreement with the classical counterpart
with small corrections arising from the quantum fluctuations.
Furthermore, (3.44) and (3.45) together give the spread of p φ :
In the case without off-diagonal spreads in K I (i.e. g IJ = 0 for I = J), this leads to
where the dimensionless constants σ 2 I := G II /(8πGγ ) 2 are the spreads for K I /(8πGγ ). This result concurs with Equation (6.24) of [8] for the WDW semiclassical state except the mismatch of an overall factor 2 due to the approximation method used in [8] to evaluate ∆p φ . The agreement further strengthens the viability of Approach II.
IV. EFFECTIVE EQUATIONS OF MOTION FOR SIMPLIFIED LQC
The viability of Approach II has been tested for the WDW theory. In this section, we will investigate the effective equations of motion for the simplified LQC in the Bianchi I model along the line of Approach II. The results are expected to be in accordance with those obtained in the semiclassical approach [10, 12] amended with back-reaction resulting from quantum fluctuations.
A. Simplified LQC in the Bianchi I model
The detailed construction for the Hamiltonian operator corresponding to (3.2) in the fully developed LQC can be found in [8] . The LQC quantization is implemented with two main sources of quantum corrections: First, the connection variables c I do not exist and should be replace by holonomies; second, the inverse triads p −1/2 I , upon quantization, receive quantum corrections via the so-called Thiemann's trick. It is realized that the corrections on the inverse triads are less important when the wave-function evolves in the semiclassical realm. To simplify the quantum theory, the Thiemann's trick is simply ignored; i.e., the Hamiltonian constraint (3.2) is trivially rescaled to (3.4) before quantization.
10
Therefore, we start with the rescaled Hamiltonian (3.4) and take the prescription to replace c I by sin(μ I c I )/μ I by introducing discreteness variablesμ I . The rescaled Hamiltonian is modified toH
There is a variety of possibilities to implement theμ discreteness and two well-motivated constructions (referred to as the "μ scheme" and "μ ′ scheme") are discussed in great detail in [12] . Theμ ′ scheme has a better scaling property that the quantum dynamics based on it is invariant under different choice of the fiducial cell. Unfortunately, the quantum theory of theμ ′ scheme is much difficult and has yet to be constructed. In this paper, we study theμ-scheme quantization described in [8] with the aforementioned simplification. In thē µ-scheme,μ I are prescribed as
where ∆ is the area gap in the full theory of LQG and ∆ = 
, where φ is in the ordinary Schrödinger representation while p is in the "polymer representation", which reflects the very feature of LQC that the connection operatorsĉ I cannot be defined. Our task now is to promote (4.1) to a well-defined quantum operator in H LQC kin . Following the strategy used in [8] , we define the dimensionless affine variables v I to satisfy
, we can then quantize exp(±iμ I c I /2) as the translation operators
(4.5) and so on in the v-representation. 11 Here, the wave function ψ( v) is related to ψ( p) via
10 This the simplified LQC studied in [4, 5] for the isotropic case, where the simplification leads to the exact solvability. In L 2 (R which correspond to the classical counterparts:
By (4.9), we have
and obviously
Now, in the kinematic Hilbert space to be
, let the Hamiltonian given by (4.1) promoted to the hermitian Hamiltonian operator:
is the same as that of the WDW theory studied in Sec. III. The quantum Hamiltonian given by (4.16) is exactly the same as that of the simplified LQC studied in [9] . We will take (4.16) as our fundamental quantum theory and study its effective equations of motion, which are to be compared with the numerical results obtained in [9] .
12
12 Both in the detailed construction of LQC [8] and in the simplified LQC [9] , to extract the physical information, we have to further restrict ourselves to one of the super-selected sectors H ǫ phys as our physical Hilbert space and define the physical inner product ·|· ǫ phys on it. In Approach II, as commented in Sec. II C, we do not need to construct the physical Hilbert space H phys but still all the information about dynamics can be extracted solely from the kinematic Hilbert space H kin endowed with the original inner product ·|· .
B. Classical and quantum variables
Before we tackle the effective equations of motion for the simplified LQC, we have to define the classical and quantum variables and the Poisson brackets of them. By choosing (v I ,K J ) or (S I ,K J ) as the fundamental variables for the gravitational part, the classical variables are defined as
in addition to (3.8) . By (4.14) and (4.15), (2.2) then gives the Poisson brackets:
Here, the primed lower indices are used forḠ (n=2) wheneverv I is referred to; the unprimed lower indices are reserved forŜ I .
Note that v I , K I andS I are not independent of one another but related viâ
We suppose that the universe does not go down to the deep Planckian regime, as the big bounces of v I are expected to takes place at a much larger scale. 13 Hence, we assume v I ≫ 1 and then haveK
For the same reason, up to the error due to quantum ordering, we can approximatē
(4.24) 13 As will be seen in (4.52), this assumption can always be achieved by increasing p φ . This also justifies why the quantum corrections on the inverse triad due to Thiemann's trick can be ignored in the simplified LQC. 25) where in the second line we have used 
Equation (4.23) gives us
As in Sec. III B, the quantum variables do not commute with the classical variables, which are not chosen to be canonical variables. By (4.14), (4.15) and (2.2), we list the Poisson brackets needed for the later use: Similar to (3.15), we also have
Finally, the Schwartz inequality gives the relations:
Also note that all the equations regarding φ and p φ are exactly the same as those appeared in Sec. III B.
C. Effective equations of motion and Hamiltonian constraint
Corresponding to (4.16), the quantum Hamiltonian defined in (2.7) reads as
According to (2.11) and the Poisson brackets listed in Sec. IV B, the equations of motion for the classical variables are given by
Meanwhile, dφ/dt ′ and dp φ /dt ′ are unchanged, as given by (3.23) and (3.24), respectively. Similarly, by (2.12), the quantum variables satisfy the following equations of motion: 
where we have used (3.23) and treat φ as the internal time.
When v I approaches a certain critical value, the factor ±[− · · · ] 1/2 flips signs and consequently, by (4.46), v I undergoes the bouncing behavior at the critical point, affirming the bouncing scenario predicted in [8, 10, 12] .
If the off-diagonal squeezing is negligible (i.e.Ḡ I J ′ /(6πγℓ 2 PlK I v J ) ≪ 1 for I = J), the second term in the curly bracket of (4.46) can be dropped. Equations (4.46) and (4.48) then yield
where the dimensionless quantity
is the relative spread of v I . In the case without off-diagonal squeezing, the critical value of v I is given by the constantsK I ,Ḡ II and η
where the dimensionless constant
is the relative spread ofK I . In terms of p I via (4.4), (4.46) can be recast as
where we define the directional density for the direction I as
and its critical value is given by
being the Planckian density. It tells that the big bounces occur up to three times, once in each direction of p I , whenever each of the directional density approaches its critical value and thus flips the sign of (4.54). This closely agrees with the semiclassical description in [10] and [12] except that the critical value ̺ I,crit is now slightly modified by the overall factor (1 + η
involving the relative spreads and giving rise to the back-reaction. The back-reaction due to uncertainties inK I and v I is expected and desired, because one would otherwise be puzzled why the critical value ̺ I,crit is exactly determined by the ratio of K I and K φ , which are the parameters describing the classical behavior and should not completely dictate the quantum physics of the bouncing scenario.
In the case with appreciable off-diagonal squeezing (Ḡ J I ′ ≪ 6πγℓ I and therefore this back-reaction due to off-diagonal squeezing is most significant in the vicinity of the big bounce and negligible in the classical regime.
Finally, the Hamiltonian constraint is exactly the same as that studied in Sec. III D except that allK I , K I and G IJ should be replaced byK I ,K I andḠ IJ . The validity of treating φ as the internal time follows the same argument given in Sec. III C.
V. SYMMETRY REDUCTION TO THE ISOTROPIC MODEL
One of the most challenging problems in LQC is to find a systematic procedure to derive LQC as a symmetry-reduced theory from the full theory of LQG. To shed some light on this issue, we can ask a similar but much easier question: "How does isotropy emerge from the anisotropic Bianchi I description?" With the effective theory at hand, we try to answer this question and make sense of the isotropy reduction from the Bianchi I model. We will discuss two ways of reduction: the formal and physical prescriptions.
In the framework of effective equations of motion, similar to the Bianchi I model, the k = 0 FRW model has the classical variables:
and the associated quantum variables are given bȳ
(1) :
To get the effective equations of motion for the isotropic case from those for the Bianchi I model, we can formally impose the condition on the Bianchi I variables to demand that the classical and quantum variables with different indices are all identical; i.e., 6) and the Hamiltonian constraint (3.47) now reads as 1 dp dp dφ
where ρ φ is the matter density of φ:
This perfectly concurs with the exact solution obtained in [6] , which indicates that the matter density has an absolute upper bound and the more semiclassical the state is (correspondingly, η Although this procedure formally gives rise to the isotropic theory, in the context of the Bianchi I model, however, the solution satisfying condition (5.4) is not "isotropic" at all. In fact, it is the most anisotropic one in the sense that three different directions are now completely correlated, leaving the spatial direction aligned with the vector (x = 1, y = 1, z = 1) distinct from any other directions. To sensibly describe an isotropic solution within the Bianchi I formulation, we should have no off-diagonal correlations; that is, instead of the formal isotropic condition (5.4), we should impose the physical isotropic condition: It is nontrivial to note that this prescription is also compatible with (4.38)-(4.49). Particularly, the physical isotropic condition reduces (4.46) to
and (3.47) to 1 dp dp dφ 14) with the critical value of ρ φ given by [cf. (5.10)]
The physical prescription (5.11) yields the effective equations slightly different from those by the formal prescription (5.4). Comparing (5.12), (which gives isotropic solutions within the Bianchi I model) with (5.5), (which describes the solution in the isotropic model), we note that, at least up toḠ (n=2) , the equation of motion for p subject to (5.11) receives no back-reaction due to the squeezing G (1) (1 ′ ) , while that subject to (5.4) does. Furthermore, (5.10) and (5.15) do not agrees precisely. The moral we learned is: In the context of effective theory, it is possible to have a well-posed solution exhibiting a certain symmetry (e.g. isotropy) within the framework which does not assume such a symmetry; however, the well-posed solution in the less symmetric (e.g. Bianchi I) theory and the solution obtained directly from the more symmetric (e.g. isotropic) theory agree only approximately.
VI. SUMMARY AND DISCUSSION
When the effective theory developed in [13] is applied to the cosmological models more complicated than the k = 0 FRW case, we face the problem that, in the scheme of Approach I, the Hamiltonian operator is not polynomial of the fundamental operators and, as a consequence, the approximation scheme is out of good control. To work around the technical difficulties, we devise a new approach -Approach II -for the constrained quantum system that possesses an internal clock. In Approach II, the quantum evolution are approximated by a finite system of coupled but ordinary differential equations (2.11) and (2.12) for the classical and quantum variables and, on top of them, the Hamiltonian constraint is weakly imposed by (2.13). The evolution equations (2.11) and (2.12) adhered to (2.13) can be understood as the natural extension of the classical Hamilton's equations and the classical Hamiltonian constraint.
It is tantalizing that Approach II, albeit only heuristically motivated, could be used as a viable formulation for constrained quantum systems even in the fundamental level, as it is shown to be self-consistent. Approach II has the virtue that the technical and conceptual difficulties in the standard treatment for the constrained quantum systems are avoided and the quantum evolution is posed in a very intuitive picture. Furthermore, the philosophy of timeless formulation is better actualized, as the notion of measurement of time is retained and the time variable is on the equal footing as other observables, giving insight into the problem of time in the relativistic quantum mechanics.
When applied to the WDW theory in the Bianchi I model, up to the 2nd order, Approach II gives the effective solutions (3.32)-(3.36) subject to the constraints (3.47) and (3.48), which agree with the results obtained in the fully developed quantum theory in [8] for the case without off-diagonal squeezing. We also expect that the evolution in the fully developed quantum theory receives back-reaction arising from the off-diagonal squeezing.
For simplified LQC, Approach II leads to the effective equations of motion (4.38)-(4.43) subject to the constraints (3.47) and (3.48). The big bounces take place up to three times, once in each direction of p I , whenever (4.46) flips signs. The bouncing scenario predicted in the semiclassical approach in [10, 12] is affirmed as the directional densities ̺ I indicate the occurrence of bounces, but the critical values ̺ I,crit are modified by the quantum corrections as shown in (4.56). The off-diagonal squeezing gives further back-reaction and makes the evolution of p I in different diagonal directions couple to one another. To see if these results agree with the standard treatment of the simplified LQC, it is necessary to explore more details of the numerical computation in [9] .
Additionally, the framework of effective equations offers a language to describe the isotropy-reduced solution in the context of the anisotropic Bianchi I model. The fact that the physical prescription for the isotropic condition is compatible with the effective equations of motions implies that, within the anisotropic framework, it is possible to have a well-posed solution exhibiting isotropy, which, however, is slightly different from the solution in the isotropic framework. The lesson may teach us how a certain symmetry emerges from a less symmetric model and whether a symmetric theory can be systematically derived from a more fundamental (namely, less symmetric) theory.
However, we should keep the caveat in mind that the methodology of Approach II has not been stringently validated and it is still unclear how well and why Approach II agrees with the standard treatment for constrained quantum systems for generic cases. Therefore, a more rigorous formulation directly derived from the standard quantum theory is on demand and currently under development [18] . Meanwhile, to test robustness of ramifications of Approach II, it will be very instructive to repeat the analysis of this paper to other extended models, such as LQC in the k = ± FRW models [6, 7] , LQC in Kantowski-Sachs spacetime [25] and the loop quantum geometry of the Schwarzschild black hole interior [26] .
14 Finally, as commented in Sec. IV A, theμ ′ -scheme quantization has a better scaling property but the quantum theory based on it is very difficult to construct. The difficulty is due to the fact that the corresponding affine variables do not exist. (See Appendix B of [12] for more details.) In the language of Approach II, the difficulty is translated into the problem that we cannot find a finite set of fundamental variables which form a closed algebra of Poisson brackets, as opposed to (4.17), (4.18) and (4.19) for theμ scheme. Nevertheless, there might be a physical sense of approximation to truncate the infinite set of fundamental variables and then the treatment of Approach II can be carried over again. This strategy might gives a sound machinery to study the effective dynamics of theμ ′ -scheme LQC, even if the detailed construction of the quantum theory remains unknown. Equation (2.5) gives the effective equations of motion:
shown that p φ,1 = p φ,2 = p φ,3 = p φ and Approach II yields the same result as Approach I. That said, Approach I is good for the k = 0 FRW model as the polynomiality of the Hamiltonian operator is recovered.
APPENDIX B: SELF-CONSISTENCY OF APPROACH II
In order to be a viable formulation for constrained quantum systems, Approach II has to pass two tests for self-consistency as mentioned Sec. II C.
For the first test, to see if the weakly imposed constraint (2.13) still holds after the given initial state being evolved, we define the operatorŝ
and the associated variables
to see if Ω k = 0 remains.
To check this, we compute 
where again the factorization approximation is made and we also use Ĥ τ = 0 by (2.13).
In particular, we have
and subsequently the factor N cancels when we compute dω/dφ. Therefore, the resulting effective dynamics, when related to the internal time φ, is independent of different choice of the lapse function . However, it is not guaranteed that the error due to the factorization approximation is always of higher order than the order of our interest.
